
In Exercises 1 and 2, use the graph to determine whether is a
function of and Explain.

1.

2.

In Exercises 3–6, use a computer algebra system to graph
several level curves of the function.

3. 4.

5. 6.

In Exercises 7 and 8, use a computer algebra system to graph
the function.

7. 8.

In Exercises 9 and 10, sketch the graph of the level surface
at the given value of 

9.

10.

In Exercises 11–14, find the limit and discuss the continuity of
the function (if it exists).

11. 12.

13. 14.

In Exercises 15–24, find all first partial derivatives.

15. 16.

17. 18.

19. 20.

21.

22.

23. 24.

25. Think About It Sketch a graph of a function 
whose derivative is always negative and whose derivative 
is always negative.

26. Find the slopes of the surface in the and 
directions at the point .

In Exercises 27–30, find all second partial derivatives and verify
that the second mixed partials are equal.

27. 28.

29. 30.

Laplace’s Equation In Exercises 31–34, show that the function
satisfies Laplace’s equation

31. 32.

33. 34.

In Exercises 35 and 36, find the total differential.

35. 36.

37. Error Analysis The legs of a right triangle are measured to be
5 centimeters and 12 centimeters, with a possible error of cen-
timeter. Approximate the maximum possible error in comput-
ing the length of the hypotenuse. Approximate the maximum
percent error.

38. Error Analysis To determine the height of a tower, the angle
of elevation to the top of the tower was measured from a point
100 feet foot from the base. The angle is measured at 
with a possible error of Assuming that the ground is hori-
zontal, approximate the maximum error in determining the
height of the tower.

39. Volume A right circular cone is measured and the radius and
height are found to be 2 inches and 5 inches, respectively. The
possible error in measurement is inch. Approximate the max-
imum possible error in the computation of the volume.

40. Lateral Surface Area Approximate the error in the computa-
tion of the lateral surface area of the cone in Exercise 39. The
lateral surface area is given by A � �r�r2 � h2.�
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In Exercises 41– 44, find the indicated derivatives (a) using
the appropriate Chain Rule and (b) by substitution before
differentiating.

41.

42.

43.

44.

In Exercises 45 and 46, differentiate implicitly to find the first
partial derivatives of 

45.

46.

In Exercises 47–50, find the directional derivative of the func-
tion at in the direction of v.

47.

48.

49.

50.

In Exercises 51–54, find the gradient of the function and the
maximum value of the directional derivative at the given point.

51. 52.

53. 54.

In Exercises 55 and 56, use the gradient to find a unit normal
vector to the graph of the equation at the given point.

55.

56.

In Exercises 57–60, find an equation of the tangent plane and
parametric equations of the normal line to the surface at the
given point.

57.

58.

59.

60.

In Exercises 61 and 62, find symmetric equations of the tangent
line to the curve of intersection of the surfaces at the given
point.

61.

62.

63. Find the angle of inclination of the tangent plane to the
surface at the point 

64. Approximation Consider the following approximations for a
function centered at 

[Note that the linear approximation is the tangent plane to the
surface at 

(a) Find the linear approximation of 
centered at 

(b) Find the quadratic approximation of 
centered at 

(c) If in the quadratic approximation, you obtain the
second-degree Taylor polynomial for what function?

(d) Complete the table.

(e) Use a computer algebra system to graph the surfaces
and How does the

accuracy of the approximations change as the distance from
increases?

In Exercises 65–68, examine the function for relative extrema.
Use a computer algebra system to graph the function and con-
firm your results.

65.

66.

67.

68.
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Writing In Exercises 69 and 70, write a short paragraph about
the surface whose level curves ( -values evenly spaced) are
shown. Comment on possible extrema, saddle points, the magni-
tude of the gradient, etc.

69. 70.

71. Maximum Profit A corporation manufactures digital
cameras at two locations. The cost functions for producing 
units at location 1 and units at location 2 are

and the total revenue function is

Find the production levels at the two locations that will maxi-
mize the profit 

72. Minimum Cost A manufacturer has an order for 1000 units of
wooden benches that can be produced at two locations. Let 
and be the numbers of units produced at the two locations.
The cost function is

Find the number that should be produced at each location to
meet the order and minimize cost.

73. Production Level The production function for a candy man-
ufacturer is

where is the number of units of labor and is the number of
units of capital. Assume that the total amount available for
labor and capital is $2000, and that units of labor and capital
cost $20 and $4, respectively. Find the maximum production
level for this manufacturer.

74. Find the minimum distance from the point to the
surface 

75. Modeling Data The data in the table show the yield (in
milligrams) of a chemical reaction after minutes.

(a) Use the regression capabilities of a graphing utility to find
the least squares regression line for the data. Then use the
graphing utility to plot the data and graph the model.

(b) Use a graphing utility to plot the points Do these
points appear to follow a linear pattern more closely than
the plot of the given data in part (a)?

(c) Use the regression capabilities of a graphing utility to find
the least squares regression line for the points and
obtain the logarithmic model 

(d) Use a graphing utility to plot the data and graph the linear
and logarithmic models. Which is a better model? Explain.

76. Modeling Data The table shows the drag force in kilograms
for a motor vehicle at indicated speeds in kilometers per hour.

(a) Use the regression capabilities of a graphing utility to find
the least squares regression quadratic for the data.

(b) Use the model to estimate the total drag when the vehicle is
moving at 80 kilometers per hour.

In Exercises 77 and 78, use Lagrange multipliers to locate and
classify any extrema of the function.

77.

Constraint:

78.

Constraint:

79. Minimum Cost A water line is to be built from point to
point and must pass through regions where construction costs
differ (see figure). The cost per kilometer in dollars is from

to , from to and from to For simplicity, let
Use Lagrange multipliers to find and such that the

total cost will be minimized.

80. Investigation Consider the objective function 
subject to the constraint Assume

that and are positive.

(a) Use a computer algebra system to graph the constraint. If
and use the computer algebra system to graph

the level curves of the objective function. By trial and error,
find the level curve that appears to be tangent to the ellipse.
Use the result to approximate the maximum of subject to
the constraint.
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1. Heron’s Formula states that the area of a triangle with sides of
lengths and is given by

where as shown in the figure.

(a) Use Heron’s Formula to find the area of the triangle with
vertices and 

(b) Show that among all triangles having a fixed perimeter, the
triangle with the largest area is an equilateral triangle.

(c) Show that among all triangles having a fixed area, the
triangle with the smallest perimeter is an equilateral triangle.

2. An industrial container is in the shape of a cylinder with
hemispherical ends, as shown in the figure. The container must
hold 1000 liters of fluid. Determine the radius and length that
minimize the amount of material used in the construction of the
tank.

3. Let be a point in the first octant on the surface

(a) Find the equation of the tangent plane to the surface at the
point 

(b) Show that the volume of the tetrahedron formed by the three
coordinate planes and the tangent plane is constant, inde-
pendent of the point of tangency (see figure).

4. Use a graphing utility to graph the functions 
and in the same viewing window.

(a) Show that 

and 

(b) Find the point on the graph of that is farthest from the
graph of 

5. Consider the function

and the unit vector 

Does the directional derivative of at in the direction of
exist? If were defined as 2 instead of 0, would the

directional derivative exist?

6. A heated storage room is shaped like a rectangular box and has
a volume of 1000 cubic feet, as shown in the figure. Because
warm air rises, the heat loss per unit of area through the ceiling
is five times as great as the heat loss through the floor. The heat
loss through the four walls is three times as great as the heat
loss through the floor. Determine the room dimensions that will
minimize heat loss and therefore minimize heating costs.

7. Repeat Exercise 6 assuming that the heat loss through the walls
and ceiling remain the same, but the floor is insulated so that
there is no heat loss through the floor.

8. Consider a circular plate of radius 1 given by as
shown in the figure. The temperature at any point on the
plate is 

(a) Sketch the isotherm To print an enlarged
copy of the graph, go to the website www.mathgraphs.com.

(b) Find the hottest and coldest points on the plate.

9. Consider the Cobb-Douglas production function 

(a) Show that satisfies the equation 

(b) Show that .

10. Rewrite Laplace’s equation in cylindrical

coordinates.
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11. A projectile is launched at an angle of with the horizontal
and with an initial velocity of 64 feet per second. A television
camera is located in the plane of the path of the projectile 50
feet behind the launch site (see figure).

(a) Find parametric equations for the path of the projectile in
terms of the parameter representing time.

(b) Write the angle that the camera makes with the horizontal
in terms of and and in terms of 

(c) Use the results of part (b) to find 

(d) Use a graphing utility to graph in terms of Is the graph
symmetric to the axis of the parabolic arch of the projec-
tile? At what time is the rate of change of greatest?

(e) At what time is the angle maximum? Does this occur
when the projectile is at its greatest height?

12. Consider the distance between the launch site and the projec-
tile in Exercise 11.

(a) Write the distance in terms of and and in terms of the
parameter 

(b) Use the results of part (a) to find the rate of change of 

(c) Find the rate of change of the distance when 

(d) When is the rate of change of minimum during the flight
of the projectile? Does this occur at the time when the
projectile reaches its maximum height?

13. Consider the function

(a) Use a computer algebra system to graph the function for
and and identify any extrema or saddle

points.

(b) Use a computer algebra system to graph the function for
and and identify any extrema or saddle

points.

(c) Generalize the results in parts (a) and (b) for the function 

14. Prove that if is a differentiable function such that 

then the tangent plane at is horizontal.

15. The figure shows a rectangle that is approximately 
centimeters long and centimeter high.

(a) Draw a rectangular strip along the rectangular region
showing a small increase in length.

(b) Draw a rectangular strip along the rectangular region
showing a small increase in height.

(c) Use the results in parts (a) and (b) to identify the measure-
ment that has more effect on the area of the rectangle.

(d) Verify your answer in part (c) analytically by comparing
the value of when and when 

16. Consider converting a point in polar
coordinates to rectangular coordinates 

(a) Use a geometric argument to determine whether the
accuracy in is more dependent on the accuracy in or on
the accuracy in Explain. Verify your answer analytically.

(b) Use a geometric argument to determine whether the 
accuracy in is more dependent on the accuracy in or on
the accuracy in Explain. Verify your answer analytically.

17. Let be a differentiable function of one variable. Show that all
tangent planes to the surface intersect in a
common point.

18. Consider the ellipse

that encloses the circle Find values of and 
that minimize the area of the ellipse.

19. Show that

is a solution to the one-dimensional wave equation

20. Show that

is a solution to the one-dimensional wave equation

(This equation describes the small transverse vibration of an
elastic string such as those on certain musical instruments.)
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